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Abstract
The Bel-Robinson tensor Tαβµν was proposed in 1958. The main application
of this tensor is for describing gravitational energy. It is known that Tαβµν has
many nice properties such as being completely symmetric. It is easy to prove
this property using spinors as shown in Penrose’s book. The main purpose of
the present paper is to verify that the Bel-Robinson tensor is indeed completely
symmetric using a basic tensorial method. After we have this result we learned
that Senovilla in 2000 has already used the similar idea to obtain the same
result. However, keep using the tensorial method, we propose another easier
proof that Tαβµν is indeed totally symmetric. Moreover, we also found that the
well known equation in vacuum, RαλστRβ
λστ
≡
1
4gαβRρλστR
ρλστ , which can be
proven by the same tensorial method.
1 Introduction
The famous Bel-Robinson tensor Tαβµν [1] was proposed in 1958. Nowadays it is
called a superenergy tensor [2]. It is believed that the gravitational field energy is
related to Tαβµν [3] as it gives a positivity energy density quasilocally. The quasilocal
idea (i.e., within a closed 2-surface) is physical, which means that the gravitational
energy density is well defined at the quasilocal level theoretically [4, 5]. There were
many papers in the literature using Tαβµν to describe the gravitational energy [6, 7,
8, 9]. The Bel-Robinson tensor has many nice properties such as being completely
symmetric, totally trace free and divergence free. It also fulfills the dominant energy
condition. There are different ways to define Tαβµν , one of the common expressions is
Tαβµν := RαλµσRβ
λ
ν
σ + ∗Rαλµσ ∗Rβ
λ
ν
σ
= RαλµσRβ
λ
ν
σ +RαλνσRβ
λ
µ
σ
−
1
2
gαβRµλστRν
λστ
= RαλµσRβ
λ
ν
σ +RαλνσRβ
λ
µ
σ
−
1
8
gαβgµνRρλστR
ρλστ , (1)
where ∗Rαλµσ =
1
2
ǫαλξκR
ξκ
µσ is the dual of the Riemann curvature tensor and we
have made use the vacuum relation RαλστRβ
λστ = 1
4
gαβRρλστR
ρλστ . It is transparent
to see some of the symmetry properties
Tαβµν = T(αβ)(µν) = T(µν)(αβ), (2)
but the totally symmetric property is not obvious. Thus Penrose and Rindler [10]
say “The symmetry properties of Tαβµν are by no means apparent from the tensor
1
formula, but they follow directly from the spinor expression ...”, p241. We already
know that this tensor should be completely symmetric because it is an analog of
the symmetric trace-free divergence-free tensor, the energy-momentum tensor for the
electromagnetic field,
Tαβ :=
1
2
(FαλFβ
λ + ∗Fαλ ∗ Fβ
λ) = FαλFβ
λ
−
1
4
gαβFρλF
ρλ, (3)
where ∗Fαβ is the dual 2-form of electromagnetic field strength tensor Fαβ . As Tαβ
possesses the dominant energy condition, then Tαβµν should also.
It may need to be emphasized that the completely symmetric property of Tαβµν is
important [2, 11]. Penrose [10] used spinors to verify that Tαβµν is really totally sym-
metric long ago. However, could it be possible to use the traditional tensorial method
to proof this nice property? This may help someone who is not familiar with spinor
techniques especially for the beginner to study the general relativity. The answer is
yes. The main purpose of the present paper is to verify that the Bel-Robinson tensor
is indeed completely symmetric using a basic tensorial method. After we have this
result we learned that Senovilla [2] (see Proposition 6.3) in 2000 has already used the
similar idea to obtain the same result. However, insist using the tensorial method and
making use the formal dual of left and right, we propose another easier proof that
Tαβµν is indeed completely symmetric. Moreover, using this symmetric property, we
also found that the vacuum relation RαλστRβ
λστ
≡
1
4
gαβRρλστR
ρλστ can be obtained
using the same method.
2 Technical background
In order to prove the completely symmetric property of Tαβµν , we need the following
relation which is only valid in vacuum,
ǫρλξκR
ξκ
στ + ǫρσξκR
ξκ
τλ + ǫρτξκR
ξκ
λσ ≡ 0, (4)
where ǫρλξκ is the totally skew-symmetric Levi-Civita tensor. This equation looks like
making a dual on the first Bianchi identity
∗Rρλστ + ∗Rρστλ + ∗Rρτλσ ≡ 0. (5)
However, it is not true in general but only true in vacuum. The detailed verification
will be demonstrated in the next paragraph. After some simple algebra using (4), the
anti-symmetric property of ǫαβµν and Rαβµν , we can obtain one more relation
ǫρλξκR
ξκ
στ ≡ ǫστξκR
ξκ
ρλ ↔ ∗Rρλστ ≡ ∗Rστρλ. (6)
Once again, this looks like a property of the Riemann curvature tensor, but it is only
valid in vacuum. In fact, this result is well known, the left dual and right dual and
they are equal in vacuum. Explicitly
ǫρλξκR
ξκ
στ ≡ Rρλ
ξκǫξκστ ↔ ∗Rρλστ ≡ R∗ρλστ . (7)
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Here we verify the relation (4) using differential forms. Define the dual of the the
curvature 2-form Rαβ as follows
(∗R)µν :=
1
2
ǫµνξκR
ξκ =
1
4
ǫµνξκR
ξκ
λσθ
λ
∧ θσ. (8)
Consider the wedge of a frame θν
(∗R)µν ∧ θ
ν =
1
4
ǫµνξκR
ξκ
λσθ
λ
∧ θσ ∧ θν = −Gρµηρ, (9)
where Gρµ is the Einstein tensor and ηρ is the 3-form (i.e., ηρ = ∗θρ). Taking the
triple anti-symmetrization
Gρµηρ = −
1
12
(
ǫµνξκR
ξκ
λσθ
λ
∧ θσ ∧ θν + ǫµλξκR
ξκ
σνθ
σ
∧ θν ∧ θλ + ǫµσξκR
ξκ
νλθ
ν
∧ θλ ∧ θσ
)
= −
1
12
(
ǫµνξκR
ξκ
λσ + ǫµλξκR
ξκ
σν + ǫµσξκR
ξκ
νλ
)
θλ ∧ θσ ∧ θν . (10)
As the Einstein tensor vanishes in vacuum, the result follows.
3 Tensorial proof for the completely symmetric of
the Bel-Robinson tensor
Here we present a detailed proof of the complete symmetry of the Bel-Robinson tensor
using the basic tensorial method. Consider
Tαβµν := RαλµσRβ
λ
ν
σ + ∗Rαλµσ ∗Rβ
λ
ν
σ
= RαλµσRβ
λ
ν
σ +
1
2
ǫαλξκR
ξκ
µσ
1
2
gτβgγνǫ
τλρpiRρpi
γσ
= RαλµσRβ
λ
ν
σ +
1
2
ǫαλξκR
ξκ
µσ
1
2
gτβgγν
(
−ǫτγρpiRρpi
σλ
− ǫτσρpiRρpi
λγ
)
= RαλµσRβ
λ
ν
σ +
1
2
ǫαλξκR
ξκ
µσ
1
2
gτβgγν
(
−ǫσλρpiRρpi
τγ + ǫτσρpiRρpi
γλ
)
= RαλµσRβ
λ
ν
σ +
1
4
δ
σλρpi
αλξκgτβgγνR
ξκ
µσRρpi
τγ + ∗Rαλµσ ∗Rν
λ
β
σ
=
(
1
2
RαµλσRβν
λσ +RαλµσRν
λ
β
σ
)
−
1
2
RαµλσRβν
λσ + ∗Rαλµσ ∗Rν
λ
β
σ
= RαλµσRν
λ
β
σ + ∗Rαλµσ ∗Rν
λ
β
σ
=: Tανµβ . (11)
From (2) and (11), the completely symmetric property easily follows. After we found
this method we learned that which is similar to the ones used in Senovilla paper in
2000 [2] (see Proposition 6.3).
However, can now we propose another easier proof the completely symmetric of
the Bel-Robinson tensor? It is possible. The idea is simply making use of the property
indicated in (5), the formal dual of the first Bianchi identity (which is only valid in
3
vacuum). The basic idea is that we can treat the formal dual of the Riemann curvature
tensor as the usual tensor manipulation. For example, we know Rαβµν = Rµναβ in
general and this can immediately to treat the relation in vacuum ∗Rαβµν = ∗Rµναβ ,
this is another representation of the standard left dual and right dual denoted in (7).
Although the idea and the associated result is simple, it turns out that it is very
useful and practical. Here we give the detail derivation of the completely symmetric
of the Bel-Robinson tensor as follows
Tαµβν − Tανβµ = RαλβσRµ
λ
ν
σ
− RαλβσRν
λ
µ
σ + ∗Rαλβσ ∗Rµ
λ
ν
σ
− ∗Rαλβσ ∗Rν
λ
µ
σ
=
1
2
RαβλσRµν
λσ +
1
2
∗Rαβλσ ∗Rµν
λσ
= 0, (12)
using (6). Consider the first two terms, employing the Bianchi identity Bα[βµν] = 0
Rαλβσ(Rµ
λ
ν
σ
−Rν
λ
µ
σ) = RαλβσRµν
λσ =
1
2
RαβλσRµν
λσ. (13)
And in the same formal way ∗Rαλβσ(∗Rµ
λ
ν
σ
−∗Rν
λ
µ
σ) becomes ∗Rαλβσ ∗Rµν
λσ which
is 1
2
∗Rαβλσ ∗Rµν
λσ
Moreover, using Lanczos identity, there is a well known equation in empty space [12]
RαλστRβ
λστ
≡
1
4
gαβRρλστR
ρλστ . (14)
One can verify this identity in vacuum by employing an orthonormal frame. We first
define
Eab := R0a0b, Hab := ∗R0a0b, (15)
where Eab and Hab are the electric and magnetic parts of the Weyl tensor in vacuum.
Indeed we have verified this identity recently [13]. It is a simple straightforward but
tedious calculation. However, instead of making use the Lanczos identity, we can
reproduce this result using a simple tensorial method similar to the above. From the
completely symmetric property, simply consider the two cases
Tαβµν := RαλµσRβ
λ
ν
σ +RαλνσRβ
λ
µ
σ
−
1
2
gαβRµλστRν
λστ , (16)
Tµναβ := RαλµσRβ
λ
ν
σ +RαλνσRβ
λ
µ
σ
−
1
2
gµνRαλστRβ
λστ . (17)
We know that these two equations are equivalent in vacuum, consider the last terms
of (16) and (17)
gαβRµλστRν
λστ
≡ gµνRαλστRβ
λστ . (18)
Either taking the trace on gαβ or gµν , the result appears as shown in (14).
4
4 Conclusion
The Bel-Robinson tensor possesses many nice properties such as completely symmet-
ric. Penrose used spinors to prove that indeed it is true. We have a proof to show
that Tαβµν has this symmetric property. Soon after we have this result we learned
that Senovilla in 2000 has the result using a similar method as we did. However,
keep using the tensorial method and making use the formal dual of left and right, we
propose another easier proof that Tαβµν is indeed completely symmetric.
Here we provide a basic and straightforward tensorial method to verify that the
Bel-Robinson tensor is really completely symmetric. One may ask why we prefer
a tensorial method to prove something that it was well known. In particular, why
not keep using spinors. The reason is that although spinors are very power and
elegant, it may be worthwhile using a basic and simple tensorial way to understand
this symmetric property especially for someone who is not familiar with spinors. In
fact, people usually learning general relativity starts with the tensorial and then study
spinors afterwards. This is the reason we presented this simple verification for the
symmetric property of the Bel-Robinson tensor.
Moreover, during the proof of the completely symmetric property of the Bel-
Robinson tensor, we have discovered something extra, which is the well known relation
in vacuum RαλστRβ
λστ = 1
4
gαβRρλστR
ρλστ . It is amazing that we can reproduce this
result only using such a simple tensorial method. Of course, one can simply use
orthonormal frames to verify this identity, but it is a testing method fundamentally.
In other words, it is not a deduction. However, making use of the known symmetric
property of the Bel-Robinson tensor, we have recovered the one-quarter identity. This
is a simple and nice proof.
After using the tensorial method with some successful results, one may wonder
whether the basic tensorial method is very useful so that we do not need any other
method. In particular, spinors. The answer seems negative. This is because the
tensorial method has its own limitations. There are still some things that using the
tensorial method are not easy to proof. Then we have to use another method. This
may be the reason why people invented spinors and used then for a long time.
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